ABSTRACT. We say that a continuum X has the arc approximation property if every sub continuum K of X is the limit of a sequence of arcwise connected subcontinua of X all containing a fixed point of K. This property is applied to exhibit a class of continua Y such that confluence of a mapping J : X -+ Y implies confluence of the induced mappings 21 : 2 x -+ 2 Y and C(j) : C(X) -+ C(Y). The converse implications are studied and similar interrelations are considered for some other classes of mappings, related to confluent ones.
1. Introduction. For a metric continuum X we denote by ~ and C(X) the hyperspaces of all nonempty compact and of all nonempty compact connected subsets of X, respectively. Given a mapping f : X ---* Y between continua X and Y, we let 2' : 2 x ---* 2 Y and CU) : C(X) ---* C(Y) to denote the corresponding induced mappings. Let 9Jt stand for a class of mappings between continua. A general problem which is discussed in this paper is to find all possible interrelations between the following three statements: (1.1) f E 9Jt; (1.2) (1. 3) CU) E 9Jt.
We do not intend to discuss the problem in full, for a wide spectrum of various classes 9Jt of mappings. On the contrary, we concentrate our attention on the class of confluent mappings and on a few other classes that are relatively close to confluent ones. On the other hand, however, we consider several additional conditions that concern domain and/or range spaces as well as the mappings. under which some implications between statements (1.1), (1.2) and (1.3), while not true in general, are valid.
2. Preliminaries. All spaces considered in this paper are assumed to be metric. A continuum means a compact connected metric space. A property of a continuum is said to be hereditary provided that every subcontinuum of the continuum has the property.
Given a continuum X with a metric d, we let 2 x denote the hyperspace of all nonempty closed subsets of X with the Hausdorff metric 
Proposition 2.2.
For each continuum X the space FI(X) of singletons is homeomorphic (even isometric) to X, and thus it is a subcontinuum of the hyperspaces 2 
x and C(X).
By an order arc in 2 x we mean an arc <1> in 2 x such that if A, B E <1>, then either A C B or B C A. The following facts are known, see [19, Theorem (1.8) and Lemma (1.11)]. The reader is referred to Nadler's book [19] for needed information on the structure of hyperspaces. Let a subset A and a sequence of subsets An of a metric space X be given. We use the notation A = Lim An in the usual sense as in [12, p. 339]. For compact spaces this notion of limit is equivalent to that using Hausdorff metric (see [19, Theorem (0.7)]). A continuum X is said to be irreducible provided that there are two points of X such that if a subcontinuum X, of X contains these points, then X' = X. Each of these points is called a point 01 irreducibility of X. Thus it is evident that I-weakly confluent mappings coincide with weakly confluent ones. Further, the following fact is a consequence of the definition, see [17, p. 236).
Fact 2.5. For every nonnegative integer n, an (n + I)-weakly confluent mapping is n-weakly confluent.
We have the following corollary.
Corollary 2.6. For every nonnegative integer n an n-weakly confluent (and No -weakly confluent) mapping is surjective.
The following proposition is known.
Proposition 2.7. Let a mapping between continua be given. (a) If it is confluent, then it is semi-confluent and surjective. (b) If it is semi-confluent, then it is joining. (c) If it is semi-confluent and surjective, then it is weakly confluent. (d) If it is weakly confluent, then it is pseudo-confluent. (e) If it is pseudo-confluent, then it is surjective.
Proof. Implications (a), (b), (d) and (e) are consequences of the definitions; (c) is shown in [16, Theorem (3.8) ).
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The next result is proved as Theorem 1 of [17, p. 236).
Theorem 2.8. Each surjective semi-confluent mapping between continua is No-weakly confluent.
Recall that a mapping r : X --+ Y c X is called a retmction if the partial mapping rlY : Y --+ Y is the identity. Observation 2.9. Each retraction between continua is No-weakly confluent.
Remark 2.10. The concept of a joining mapping has been introduced by T. Mackowiak in [15, p. 288] . In that paper, as well as in [16, pp. 12-14] , the reader can find some (but rather scanty) information on these mappings. Note that a mapping of an arc onto a simple closed curve that identifies the end points of the arc is joining while not pseudo-confluent. A weakly confluent but not joining mapping f : [0,1] -t [0,1] can be defined as one that is linear on the intervals [ai,ai+1] , where 0 = ao < al < a2 < a3 = 1, and such that for 0= bo < b1 < ~ < b 3 = 1 we have f(ao) = b1; f(aI) = bo; f(a2) = b3; f(a3) = b 2 .
We will need the following general fact about confluent mappings.
Proposition 2.11. If a mapping f : X -t Y between continua X and Y is not confluent, then there are a continuum L in Y and a component G of f-l(L) such that f(G) is a nondegenerate proper subset of L.
Proof. Assume that f is not confluent and let Ii and G' be two continua in Y and X, respectively, such that G' is a component of f- 
Then {J-l(cl Vrl) : n E N} is a decreasing sequence of compact subsets of X whose intersection equals f-1 (L'). Thus there is an index 
Given a mapping f : X -t Y between continua X and Y, we consider mappings (called the induced ones)
The following two facts are known, see [19, Theorem (0. Let a subcontinuum K of a continuum X and a point p E K be given. We say that K is arcwise approximated at the point p provided that there is a sequence of arcwise connected subcontinua Kn of X such that p E Kn for each n E Nand K = Lim Kn. A sub continuum K of a continuum X is said to be arcwise approximated provided that it is arcwise approximated at each point of K. In particular, this condition is satisfied in the case when K c Kn for each n E N. Then we say that K is strongly arcwise approximated. In other words, a continuum K c X is strongly arcwise approximated provided that there is a sequence of arcwise connected subcontinua Kn of X such that K = LimK n C n{Kn : n EN}. A continuum X is said to have the (strong) arc approximation property provided every sub continuum of X is (strongly) arcwise approximated.
As a direct consequence of the definition, we get the following characterization. 
Note that L is an arcwise connected continuum which contains K and which is contained in the e-ball about K in X. Therefore, H(K,L) < e, and the proof is complete. If every nonempty proper subcontinuum of a continuum is arcwise connected, then the continuum has the arc approximation property, and each of its proper subcontinua is strongly arcwise approximated.
In particular, any solenoid, see, e.g., [19, p. 202] , as well as the simplest indecomposable continuum, see, e.g., [13, p. 204J, compare [19, p. 201 ]' have the arc approximation property.
As a special case of Fact 3.8, we get the following fact. Fact 3.9. Every hereditarily arcwise connected continuum has the strong arc approximation property.
In particular, any dendroid, i.e., an arcwise connected and hereditarily unicoherent continuum, see [19, p. 16 with points (0, -1) and (l,sin 1) identified, is an example of an arcwise connected continuum which does not have the arc approximation property. Namely some subcontinua containing points at which the curve is not locally connected are not arcwise approximated. Observe that the family .c has the following properties: (3.18) .c is nonempty because the singleton {p} is in .cj (3.19) .c is a closed subset of C(K) by the standard diagonal argument; (3.20) Note that conditions (3.18) - (3.20) imply that there is the greatest (with respect to the inclusion) element M in .c, i.e., such an element
Suppose that M is a proper subset of K. Consider two cases.
Note that (3.17) (3.17) , there is a sequence of arcwise connected continua Bn C Co containing b (containing Ko) and converging to Ko. As previously, by (3.15) there is a sequence of arcs Dn C Co containing the point band tending to {b} such that Dn n Mn =1= 0. Then Mn U Dn U Bn is a sequence of arcwise connected continua each containing p (containing M U Ko) and converging to M U K o , contrary to maximality of the continuum M. The proof is finished.
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Remarks 3.21. We shall show that the assumptions (3.15) and (3.16) in Theorem 3.12 are necessary. 1) To see that (3.15) is essential, take as X the wedge (also called the one-point union) of a solenoid Co and an arc C 1 : X = Co U C1 and Co n C1 = {p} and note that Co and C 1 have the arc approximation property while X does not by Proposition 3.lOj condition (3.15) evidently does not hold.
2) Assumption (3.16) is indispensable by the following example. Define X as the cone over the pseudo-arc P. Denote by v the vertex of the cone X j let Co be the singleton {v}, and for each Q E P let Co mean the straight line segment in X joining v and Q. Then (3.13) holds, X does not have the arc approximation property, and taking K = P we see that (3.16) is not satisfied. Now we intend to discuss the arc approximation property for hyperspaces. Recall the following result, see [19, Theorem (1.92) ]. To see that the arc approximation property is weaker than local connectedness for hyperspaces for continua, we need an example of a not locally connected continuum X whose hyperspaces 2 x and/or C(X) have the arc approximation property. It can be observed that the harmonic fan, i.e., the cone over {O} U {l/n : n EN}, is such a continuum. However, a more general result can be shown. Theorem 3.24. Let a continuum X be given such that there are a subcontinuum Co and a family of subcontinua {C a : a E A} having the following properties: (3.13) X=COUU{Ca :aEA}; (3.14) Co n C a =j:. 0 for every a E A; 
Then the hyperspace C(X) has the (strong) arc approximation property.
Proof Observe that (3.16) implies
and note that 1-£ is a continuum according to [19, p. 200] . We apply Theorem 3.12 with C(X) in place of X, with 1-£ in place of Co, and with C(C a ) in place of Ca. Thus, (3.28) stands for (3.13) in Theorem 3.12.
We have to verify that all the other assumptions, i.e., (3.14)-(3.17), of that theorem are satisfied, which now run as follows. Indeed, (3.14) implies (3.29) 
To show (3.31) , assume that JC is a subcontinuum of C(X) that intersects both C(C o ) and C(C{3) for some a, {3 E A and
Further, since the continuum 1-£ is locally connected by assumption (3.26) , it has the strong arc approximation property according to Corollary 3.7. This fact, together with (3.27) gives (3.32) . So only (3.30) needs an argument. Again, since 1£ is locally connected by (3.26) , it has arbitrarily small arcwise connected neighborhoods of each point. To show the other half of (3.30) , take a continuum K contained in Co n Co;, and let L E C(Co;) be close to K. We have to construct a small arc in C(Co;) that joins K and L. By (3.25) there is a small arc D in Co; with DnK =F 0 =F DnL. Then, according to [19, pp. 59, 64], there are order arcs from
The union f these two order arcs contains a small arc joining K and L in C(Co;). The proof is complete.
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Remark 3.33 . If the continuum Co is locally connected, then condition (3.26) is satisfied, see [19, p. 200] . This fact will be used in Corollaries 3.38-3.41, while in Example 3.36 below we shall see that local connectedness of Co is not necessary to show the (strong) arc approximation property for C(X).
Remark 3.34 . If the continuum X is hereditarily unicoherent, then condition (3.16) in Theorems 3.12 and 3.24 may be replaced by a weaker one (3.35) Co; n C{3 C Co for every a, /3 E A and a =F /3.
Indeed, if a point p E X is in the intersection Co; n C{3 for some a, /3 E A with a =F /3, then putting K = {p} in condition (3.16) we infer that p E Co, and thus (3.35) holds. On the other hand, if (3.16) is not satisfied, then taking a continuum K that intersects Co; and C{3 for some a, /3 E A and a =F /3 and is disjoint with Co we see that the continuum Co U Co; U C{3 uK is not unicoherent because (3.35) implies
Example 3.36. For each continuum P and for each zero-dimensional compact set A there exists a continuum X, its subcontinuum Co and a family of subcontinua {Co; : a E A} such that all assumptions of Theorem 3.24 are satisfied and yet Co is homeomorphic to P.
Proof. Let an arbitrary continuum P be considered as a subset of the Hilbert cube Q, and let a zero-dimensional compact set A be given. In the product Q x A define an equivalence relation -putting Let X = Q x AI -, and let 11" : Q x A -+ X stand for the quotient mapping. Further, for every a E A define C a = 11"( Q x {a}) and Co = 1I"(P X {a}), and note that Co does not depend on a, as well as that it is homeomorphic to P simply by its definition. The reader can observe that assumptions (3.13), (3.14), (3.25), (3.16) and (3.27) of Theorem 3.24 are satisfied. We show also that (3.26) holds true. As previously put
and note that 1£ is a continuum according to [19, p. 200) . Let continua K and L of 1£ be close to each other. We will construct a small arc in 1£ joining K and L. Take a point Xo E K n Co and let a point Xl E L be close to Xo. Then, for some a E A, we have Xl E Ca. Since Xo E C a too, there is a small arc D in C a joining Xo and Xl. Then, according to [19, Before we formulate further corollaries to Theorem 3.24, we recall some concepts concerning dendroids. By an end point of a dendroid X we mean such a point p of X that each arc containing P ends at p. A locally connected dendroid is called a dendrite. By a finite dendrite we mean a dendrite having finitely many end points. A dendroid X having exactly one ramification point, i.e., a point being the center of a simple triod contained in X, is called a fan, and the point is called the top of the fan. A dendroid X is said to be smooth at a point P E X provided that if {On : n E N} is any convergent sequence of points of X, converging to a point ao E X, then the sequence of the (unique) arcs pan converges to the arc pao. A dendroid X is said to be smooth provided that it is smooth at some point p E X, see, e.g., [19, p. 117) . Thus the harmonic fan is an example of a smooth fan. The structure of the hyperspace C(X) of a smooth fan X is described in a detailed way in Theorem 3.1 of [4, p. 282). In particular, it is known that if X is a smooth fan with its top v, then the continuum
is homeomorphic to the Hilbert cube, see [4, Theorem 3.1); compare [3, Theorem 8). However, even if X is an arbitrary fan, not necessarily a smooth one, the structure of its hyperspace C(X) can be described in a similar way. This will be presented in the next corollary to Theorem 3.24.
Corollary 3.38. For every fan X the hyperspace C(X) has the strong arc approximation property.
Proof. It is enough to consider the fan X as the union of arcs from the top v to end points a of X. Putting Co = {v} and COt = va for each end point a of X, we see that all the assumptions of Theorem 3.24 are satisfied. In particular, (3.26) Now we intend to show another theorem which says that if a continuum X can be approximated in a special way by a sequence of its subcontinua X n , the hyperspaces C(Xn) of which have the arc approximation property, then the hyperspace C(X) has the arc approximation property. Namely, we have the following result. 
Then the hyperspace C(X) has the arc approximation property.
Proof Let /C be a subcontinuum of C(X), and let p EKE /C. We have to construct arcwise connected continua containing K and approximating /C. Put Kn = rn(K) and /C n = C(rn)(lC). According to Thus, for every n, mEN, the union Cn,m UV n is an arcwise connected continuum containing K. For sufficiently large nand m, it is close to JC by (3.50) and (3.51) . The proof is then complete.
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Remark 3.52. We cannot conclude that C(X) has the strong arc approximation property if we assume the strong arc approximation property for each C(Xn) ' To see this, it is enough to consider the simplest indecomposable continuum X, see, e.g., [ Let X stand for the sin(l/x)-curve, p an arbitrary point at which X is locally connected, and let Xn be a sequence of arcs in X containing p and tending to X. Then all the assumptions of Theorems 3.44 or 3.48 are satisfied with this choice of p, while X and C(X) do not have the arc approximation property, namely, if q is a point at which X is not locally connected, then X and PI (X) are not arcwise approximated at q and at {q}, respectively. Recall that the symbol Q stands for the Hilbert cube. As is observed in [9, p. 1148] , the mapping m is a monotone surjection. In fact, take a continuum A E C(X) and note that
Each order arc A satisfying A E A is the union of two order arcs: one from {x} to A for some point x E A, and the other from A to X. Thus
We have shown that the hyperspace C(X) is the image of X x Q under the composition of a retraction and of a monotone mapping, thus under a weakly confluent mapping. Since the arc approximation property is preserved by weakly confluent mappings, see Theorem 3.5, the proof is complete. Proof. Indeed, take an arbitrary point p of X x Q. By homogeneity of Q, see [10] , we can assume that p is of the form (x, 0, 0, 0, ... ) for some x E X. Substituting X x [o,l]n for Xn and X x Q for X in Theorem 3.44, the conclusion follows. 
has the arc approximation property, then the induced mapping
is confluent.
Proof The argument for both versions (i) and (ii) is essentially the same. We shall argue for (i) using the characterization of confluence from Observation 2.12. Let C be a subcontinuum of 2 Y , and let K E (2f)-1(C). Since 2 Y has the arc approximation property by assumption, there are arcwise connected continua C n containing I (K) and such that C = LimC n • Let K: n be the component of 
Let us accept the following definition. A subcontinuum K of a continuum X is said to be weakly arcwise approximated provided that there is a sequence of arcwise connected subcontinua Kn of X such that K = LimK n . A continuum X is said to have the weak arc approximation property provided every sub continuum of X is weakly arc wise approximated. We will show that Theorem 4.4 cannot be strengthened by replacing the arc approximation property by the weak arc approximation property and getting the same conclusion. 
Note that C(f)(A1) = C(f)(A2).
Denote by D1 and D2 the upper and the lower halves of the continuum X, respectively, Le., (in the Cartesian rectangular coordinates Consider subsets 6 1 and 6 2 of C(X), each of which is homeomorphic to the closed half line, and such that each element of 6 1 (of 6 2 ) is nondegenerate and contained in D1 (in D2, respectively), and that
The sets C 1 = Al U 6 1 and C 2 = A2 U 6 2 are disjoint subcontinua of the hyperspace C(X), each of which is homeomorphic to the familiar sin(1/x)-continuum. Put C = C(f)(C I U C 2 ) and observe that C(f) glues together the limit continua Al and A2 of Cl and C 2 only, whence it follows that C is an irreducible subcontinuum of C(Y). Further, we have C(f)-l(C) = C 1 U C 2 and none of C l and C 2 is mapped onto C under C(f). Thus, C(f) is not pseudo-confluent.
Exactly as in the proof of Example 4.1, the reader can observe that the argument for 21 is similar. Since the partial mappings IID1 and IID2 are one-to-one and liS is two-to-one, we infer that (2/)-1(C) has three components: C l and C2 as above, and the third component whose image is contained in the arc 21 (AI) = 21 (A 2 ). Thus 21 is not pseudo-confluent, too. The proof is finished.
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Now we will show that there is a confluent mapping I between some continua such that C(f) is, while 21 is not confluent. We start with a proposition concerning a property of confluent mappings. 
and Y is confluent, then the number of components of f-1(L) is less than or equal to the number of components of f-1(y).
Proof. Assign to each component of r 1 (y) a component of f-1(L) containing it. Since f is confluent, the assigning is well-defined and onto.
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The following fact is well-known [19, p. 30 ], but the special description of the hyperspace of the circle given in its proof will be used in the sequel. (1) C C C (1(S) ). Note that the partial mapping C(1)IC(S) is confluent by Corollary 4.5 (ii), so we are done.
(2) C c C (1(H) ). Since flH is one-to-one, we see that C(1)-1(C) is connected.
To finish the proof, we have to consider the last case. (1(H) ). In this case we will show that again C (1) 4.14) L is a proper sub continuum of f(S).
by Proposition 4.8, contrary to the assumption (4.13); '!9) : r E [0,1/2] and'!9 E [0,2/TH using the homeomorphism described in the proof of Fact 4.9, so it is connected, contrary to (4.13). So (4.14) is shown.
Denote by C the component of C(1(S)) n C containing L. Thus C is a proper subcontinuum of C. We will show that C(1(S) ) is also confluent according to Corollary 4.5 (ii). Thus, by Proposition 4.8, the inverse image C(1)-1 (C) has at most two components. It has at least two components by (4.13) and (4.14). So (4.15) is shown.
Denote by IC and 1C' the two components of C(I)-l{C), and note that each of them satisfies the assumptions of Lemma 4.10, so they are contractible in C{S)\{S} according to Fact 4.9. Therefore, the component of C{S)\{1C U 1C') containing the point S intersects Fl{S), Thus there is an arc F contained in C{S) with one end point in F1{S) and the other at S and such that F n (IC U 1C') = 0. Hence,
C(I{S))\C(I){F) is an open set in C(I{S)) containing C. Since f{S) E C(I){F), we infer that C is contractible in C(I{S)\{j{S)}.
Because f{S) is not in C, there is a small open ball 9 about f{S) in C (I (S)), and therefore we can define an embedding e of C (I (S) 
is contained in C(I(S)).
Denote by V the component of £ n U containing C and observe that V eVe C(I(S)). Note that (cl V) n (bdU) t= 0 by the boundary bumping theorem, see [19, p. 626 ], so C is a proper subset of V, which contradicts the definition of C. This finishes the proof.
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A continuum is said to be indecomposable provided that it is not the union of two proper subcontinua. It is known, see [13, p. 207] , that a continuum is indecomposable if and only if each proper sub continuum has empty interior. Let us recall characterizations of hereditarily indecomposable continua in terms of confluent mappings, see, e.g., [16, p. 53], and of structure of hyperspaces, see, e.g., [19, such that the composition h 0 h is the identity on S. Replace one point of the pseudo-arc P by the pseudo-circle S, see [1, p. 35J, and let X be the obtained space. Note that since S is nowhere dense in X, the continuum X is hereditarily indecomposable. Define an equivalence relation on X, the only nondegenerate equivalence classes of which are sets of the form {x, h(x)} for all xES. Denote by Y the quotient space, and let 1 : X -t Y be the quotient mapping. We will verify that 1 is confluent. Indeed, if a continuum is contained in 1(8), then its preimage has two components, each of which is mapped onto the continuum; otherwise, the preimage is connected. The continuum Y is hereditarily indecomposable as a confluent image of a hereditarily indecomposable continuum X.
We will show that 21 is not confluent. Note that 
. We claim that ( 4.22) Indeed, the union uK 1 is a continuum in X containing Ko and contained in f-l(L). Since Ko is a component of f-1 (L), we have
is a continuum contained in £, containing FI (f(Ko)) by the definition of K I , and such that C(f)(KI) C C(f)(C(Ko)) c C(f(Ko)). Note that the only continuum having all these properties of C(f)(Kd is the continuum Fl(f(Ko)) itself. Thus, (4.22) is shown.
Similarly, there is a component K2 of C(f)-l(£) which contains the singleton {Ko}. And again we claim that (4.23) Indeed, the union uK 2 is a continuum in X containing Ko and
is a continuum contained in £, containing {(f(Ko)} by the definition of K 2 , and such 
is not a joining mapping.
Since C l and C3 are components of (2/)-I(M) also, we see that 21
is not joining either. The proof is complete. is not weakly confluent. However, an argument used to show that the example is correct (which can obviously be proved directly) is a very particular case of a much more general result that is interesting by itself. Thus we prove this result first. Proof We proceed by induction. For n = 0 the implication is known, see Fact 2.15 above. Postulate that it holds for all integers k < n where n ;::: 1. We have to verify that it is true for the integer n. So, assume that the induced mapping C(f) is n-weakly confluent. We will show Indeed, since C(f)IJe is (n -I)-weakly confluent, it is surjective, see Fact 2.6, whence there is a continuum P E Je such that C(f)(P) = L.
Note that P c K. Thus, there is an order arc I from P to K in C(X). follows.
Then the image of
Further, we claim that (6. 3)
To show the claim take an arbitrary subcontinuum A of K, and let I be an order arc from A to K. Then we have C(f)(:
The other inclusion is obvious, and so (6.3) holds true.
Therefore, we have proved that the partial mapping C(f)IC(K) : 
Consider the following conditions:
(a) cn+1(f) is a surjection; A partial answer to this question is given by the following result.
Notwithstanding a stronger result will be shown later, see Theorem 7.2, we present its proof now because it is much simpler than the proof of Theorem 7.2. 7. Pseudo-confluent mappings. We start with two results that concern pseudo-confluence of the induced mappings. We claim that to > o. In fact, if to was zero, then there would be a sequence of components of /-1(L) whose images under / were converging to L and then the limit of a subsequence would be a continuum mapped onto Lunder /. Thus, the claim is shown. Denote by P a member of K such that I(P) = Lm. Thus, by (7.4), there is a point x E K n P. Then, since both I(x) and am are in I(P), we have w(f(P)) ~ w( {/(x), am}), and because d(f(x), am) > to by (7.5), we get w({/(x),a m }) > t* according to implication (7. 3) in the definition of t*. Consequently, w(f(P)) > t*, contrary to the fact that I(P) E C. The proof is complete. is pseudo-confluent, see Example 6.6. Example 6.6 shows that the implication from pseudo-confluence of 1 to pseudo-confluence of an induced mapping is not true even if all continua under consideration are locally connected. However, the continuum Y of Example 6.6 is a cyclic graph, so it would be interesting to know whether the implication holds true if these spaces are acyclic graphs. An example of a pseudoconfluent but not weakly confluent mapping of an arc onto a simple triod can be described as follows, see [14, Example 3.6] . Let X = [0, 1] and Y be the union of three straight line segments aOak for k E {I, 2, 3} having the point ao in common only. 
